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We present a study of thermodynami properties of suspensions of harged olloids on the basis
of linear PoissonBoltzmann theory. We alulate the eetive Hamiltonian of the olloids by
integrating out the ioni degrees of freedom grand-anonially. This proedure not only yields
the well-known pairwise sreened-Coulomb interation between the olloids, but also additional
volume terms whih aet the phase behavior and the thermodynami properties suh as the osmoti
pressure. These alulations are greatly failitated by the grand-anonial harater of our treatment
of the ions, and allow for relatively fast omputations ompared to earlier studies in the anonial
ensemble. Moreover, the present derivation of the volume terms are relatively simple, make a diret
onnetion with Donnan equilibrium, yield an expliit expression for the eetive sreening onstant,
and allow for extensions to inlude, for instane, nonlinear eets.
I. INTRODUCTION
Colloidal suspensions are multi-omponent systems that
onsist of mesosopi olloidal partiles dispersed in a
moleular solvent. Often other hemial omponents are
present as well, e.g. ions, polymers, or proteins. Pre-
diting or understanding the properties of suh mixtures
from a mirosopi perspetive is generally ompliated,
beause the large asymmetry in size and harge between
the olloids and the other omponents in pratie inhibits
a treatment of all the omponents on an equal footing.
The standard way out is to regard the suspension as an
eetive olloids-only system, in whih all mirosopi
degrees of freedom of the medium (solvent, ions, poly-
mers, et.) are suitably averaged out.
For instane, in the ase of olloidal hard spheres
in a medium with non-adsorbing ideal polymers (ra-
dius of gyration Rg) the so-alled depletion eet [1, 2℄
leads to eetive attrations between pairs of olloids
at surfae-surfae separations less than 2Rg, and in the
ase of harged olloidal spheres in an eletrolyte with
Debye length κ−1 the eetive interation between a
olloidal pair at enter-to-enter separation r is gener-
ally written as a repulsive sreened-Coulomb potential
∝ exp(−κr)/r. The advantage of suh a one-omponent
viewpoint is that all of the mahinery of lassial one-
omponent uids (integral equations, perturbation the-
ory, simulation, et.) an be employed to study the prop-
erties of olloidal suspensions, but only after a reliable av-
eraging over the medium has been performed. Perform-
ing this averaging expliitly is generally a tremendous
statistial mehanis problem, that an only be solved
approximately in most ases [3, 4, 5℄.
One important problem is that the eetive olloidal
interations are not neessarily pairwise additive, i.e.
triplet or higher-order many-body potentials may ap-
pear even if the underlying interations in and with the
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medium are stritly pairwise. On physial grounds one
generally expets the breakdown of pairwise additivity
of the eetive interations if the typial length sale in
the medium is of the order of the typial olloidal length
sale, e.g. the olloidal radius a. For olloidpolymer
mixtures it was indeed shown that equal-sized olloids
and polymers (Rg = a) have bulk and interfaial prop-
erties that dier dramatially from pairwise preditions
[6, 7℄, and harged olloids in an eletrolyte were shown
to exhibit non-negligible eetive triplet attrations on
top of the pairwise repulsions [8℄ at (extremely) low salt
onentrations where κ−1 ∼ a.
In this paper we will fous on a desription of ee-
tive interations (or the eetive Hamiltonian) in bulk
suspensions of harged olloids. The lassial theory for
these systems dates bak to the 1940's, when Derjaguin
and Landau [9℄ and Verweij and Overbeek [10℄ indepen-
dently alulated that the eetive potential between two
idential homogeneously harged olloidal spheres (ra-
dius a, total harge −Ze with e the proton harge) in a
bulk medium with dieletri onstant ǫ and Debye length
κ−1 is given by
V2(r) =


∞ r < 2a
Z2e2
ǫ
(
exp(κa)
1 + κa
)2
exp(−κr)
r
; r > 2a.
(1)
Here and in the remainder of this paper we ignore the
dispersion fores, and we reall that κ is dened as
κ2 = 8πλBcs (2)
in the ase of a 1:1 eletrolyte with total ion onentration
2cs far from the olloids, where λB = βe
2/ǫ is the Bjer-
rum length, β = 1/kBT , and T the temperature [9, 10℄.
It is well established by now that many properties of
suspensions of N ≫ 1 harged olloids in a solvent vol-
ume V (density n = N/V ) an be understood on the
basis of the pairwise eetive Hamiltonian
H2({R}) =
N∑
i<j
V2(Rij), (3)
2where Ri denotes the position of olloid i = 1, . . . , N ,
and where Rij = |Ri − Rj |. For instane, the thermo-
dynami equilibrium properties and the phase behavior
follow from the Helmholtz free energy F2(N, V, T ), de-
ned as the lassial anonial phase spae integral
exp(−βF2) = 1
N !VN
∫
V
dRN exp(−βH2)
≡trc exp(−βH2),
(4)
where V is an irrelevant onstant volume (aounting for
the internal partition funtion of the olloids) that we in-
lude for dimensional reasons, and where we introdued
the short-hand notation trc for the lassial anonial
trae over the olloid degrees of freedom. On the ba-
sis of Eqs. (1), (3), and (4) one an explain many ex-
perimental observations, inluding the rystallization of
(essentially) hard spheres (Z = 0 or κa ≫ 1) at paking
frations η = 4πa3n/3 > 0.5 into an FCC rystal [11, 12℄,
the rystallization into BCC rystals for suiently soft
spheres [13, 14℄, the measured osmoti equation of state
[15, 16℄, struture fator [17, 18℄, radial distribution fun-
tion [19℄, pair interations [20, 21℄, and many other ol-
loidal phenomena. It is therefore fair to state that the
DLVO theory as desribed by the Eqs. (1), (3), and (4)
is one of the orner stones of olloid siene.
It is, however, also fair to add that not all experi-
mental observations are in (qualitative) agreement with
DLVO theory. For instane, the experimental observa-
tion of voids and Swiss heese strutures in otherwise
homogeneous suspensions have been interpreted as mani-
festations of gasliquid oexistene [22, 23℄, and the small
lattie spaing of olloidal rystals ompared to the one
expeted on the basis of the known density n was inter-
preted as evidene for gasrystal oexistene [24℄. These
possibilities seemed to be onrmed by diret observa-
tions of (meta-)stable gasrystal oexistene [25℄, and a
marosopi gasliquid menisus [26℄ although these ob-
servations were disputed by others [27, 28℄.
Despite the ongoing debates due to a lak of experi-
mental onsensus these experimental results, whih were
all performed at low ioni strength with cs in the µM-
regime, triggered a lot of theoretial ativities to nd the
soure of ohesive energy that stabilizes the dense liq-
uid or rystal phase in oexistene with a muh more
dilute gas phase. The dispersion fores would be the
rst natural andidate to provide the ohesion, but their
nanometer range is generally onsidered to be too small
to dominate over the eletrostati repulsions with a range
of κ−1 ∼ 100 nm at these low salt onentrations.
It was for instane found that ionion orrelations,
whih are ignored in the derivation of V2(r), an lead to
attrative ontributions to the pair potential. However,
the eet is small and too short-ranged for monovalent
ions at room temperature in water [13℄.
Another avenue of researh onsidered the possibil-
ity of the breakdown of pairwise additivity due to
non-negligible eetive triplet and higher-order fores.
Within PoissonBoltzmann theory the triplet potential
was alulated, and turned out to be attrative indeed [8℄,
thereby suggesting that many-body interations ould be
the soure of ohesive energy. Phase diagrams based on
repulsive pair interations (1) and the attrative triplet
potential indeed showed oexistene of a dilute gas with
very dense rystal phases (as well as rystalrystal o-
existene) [29, 30℄, while experimental evidene for the
breakdown of pairwise additivity was obtained by an in-
verse OrnsteinZernike analysis of measured olloidal ra-
dial distribution funtions [31, 32, 33℄, as well as by di-
ret measurement[34, 35℄. So although pairwise additiv-
ity seems to be breaking down at low salinity, it is yet
questionable whether an approah based on the expliit
alulation of triplet and higher-order potentials, if feasi-
ble at all, is very eient, as onvergene is probably slow
in the regime of strong triplet attrations: there is hardly
any justiation to ignore the four-body potential when
inluding the triplet potential hanges the phase diagram
ompletely ompared to the pairwise ase. This notion
was made expliit by a reent simulation study of the
primitive model (harged olloids and expliit miroions)
that underlies the eetive one-omponent system of
Ref. [30℄: the gasrystal oexistene that was found
with inluded triplet interations disappeared again in
the simulations of the multi-omponent simulation [36℄.
An alternative representation of non-pairwise inter-
ations is based on density-dependent pair-potentials.
Roughly speaking, this implies that the expliit
oordinate-dependene of higher-body potentials is
smeared out to redue to density dependene in the pair
interations. In the ase of harged olloids it seems nat-
ural to modify the form of the sreening onstant, suh
that not only the bakground (reservoir) salt onentra-
tion 2cs but also the nite onentration Zn of the oun-
terions and the hard-ore exlusion from the olloidal vol-
ume is taken into aount. For instane, one replaes κ
by κ˜ =
√
4πλB(2cs + Zn),
√
4πλB(2cs + Zn)/(1− η) or
similar expressions [13, 37, 38, 39, 40, 41, 42, 43, 44℄ that
redue in the dilute limit n→ 0 to κ as given by Eq. (2).
Often κ˜(n) > κ, and one ould interpret the resulting
redution of the pairwise repulsions due to the more e-
ient sreening at higher density as an eetive attrative
many-body eet.
Interestingly, however, a areful analysis of the to-
tal free energy of the suspension reveals that a density-
dependent sreening onstant aets not only the pair-
interations but also one-body ontributions, suh as the
free energy of eah olloid with its own diuse loud of
ounterions [38, 39, 40, 41, 42, 43, 45, 46, 47℄. The thik-
ness of this double layer is typially κ˜−1, and hene its
typial (free) energy is of the order of −(Ze)2/ǫ(a+ κ˜−1),
i.e. the Coulomb energy of two harges±Ze at separation
a + κ˜−1. This term lowers progressively with inreasing
n and thus provides ohesive energy, whereas it is an ir-
relevant onstant oset of the free energy if a onstant κ
is taken instead of κ˜(n). It was shown that the density-
dependene of these so-alled volume terms ould drive a
gasliquid spinodal instability at low salt onentrations
3[38, 40, 46, 47℄, and ould hene (qualitatively) explain
some of the puzzling experimental observations.
There are several reasons, however, to revisit the the-
ories of e.g. Refs.[38, 40, 46, 47℄. First of all, they are
formulated in the anonial ensemble (xed ion onen-
trations), whih not only obsures its lose relationship
with the lassial Donnan theory for olloidal suspen-
sions [48, 49℄, but also unneessarily ompliates the nu-
merial alulation of phase diagrams as we will argue in
setion II.
Moreover, and more importantly, the derivation of the
expliit expressions for the total free energy was perhaps
not very transparent in Refs. [46, 47℄, and may have hin-
dered extensions of the theory to inlude, for instane,
harge renormalization. This nonlinear eet was rst
studied in a ell geometry [50℄, and, more reently, in a
jellium-like model[51, 52℄. In both of those models, the
nonlinear harater of the theory is retained, while its
ompliated multi-entered nature is replaed by a radi-
ally symmetri struture. The eetive olloidal harge
Z∗ that appears in the prefator of the DLVO repulsions,
is then redued from its bare value Z due to a tightly
adsorbed layer of ounterions in the viinity of the ol-
loidal surfae. This eet is important when ZλB/a≫ 1
[50, 53, 54, 55, 56℄, and therefore asts serious doubt[57℄
on the preditions of the gasliquid and gasrystal tran-
sitions in e.g. Refs. [38, 46, 47℄ sine large values of Z
were needed to have the transitions [52, 58℄. If one now
realizes that Z∗ depends on n and κ˜(n), as was shown in
e.g. Ref. [53℄, it is easy to imagine that the volume terms
are aeted non-trivially by harge renormalization simi-
larly as by the n-dependene of the sreening parameter.
It is therefore important to be able to inlude this eet
into volume-term-type theories, and hene to reformulate
these theories as transparently as possible.
In order to be able to address all these issues, we re-
visit here the purely linear sreening theory with volume
terms. Its nonlinear extension to inlude harge renor-
malization will be disussed in a forthoming paper [59℄.
The present paper is organized as follows. In setion
II we introdue the mirosopi Hamiltonian H of the
olloid-ion mixture and give formal expressions for the
eetive Hamiltonian H for the olloids. In setion III we
alulate H by minimizing the mean-eld grand poten-
tial funtional of the ions, whereby expliit expression for
the density-dependent sreening parameter, the Donnan
potential, and the Donnan eet are obtained as inter-
mediate results. In setion IV we onsider the thermo-
dynamis of the suspension, in partiular the free energy
and the osmoti pressure, with a few interesting anel-
ing ontributions. In setion V we alulate a few phase
diagrams. We onlude and summarize in setion VI.
II. HAMILTONIAN, DONNAN ENSEMBLE,
AND EFFECTIVE HAMILTONIAN
We onsider a suspension of N idential olloidal spheres
(radius a, positions Ri, harge −Ze homogeneously dis-
tributed on the surfae) in a ontinuum solvent of vol-
ume V haraterized by a dieletri onstant ǫ at tem-
perature T . The density of the olloids is denoted
by n = N/V . In addition there are N+ and N− monova-
lent point-like ations (+) and anions (−) present, re-
spetively, and harge neutrality ditates that N+ =
N−+ZN . The total interation Hamiltonian of the sys-
tem an therefore be written as
H = Hcc +Hcs +Hss, (5)
where the bare olloidolloid Hamiltonian Hcc, the
olloidsalt Hamiltonian Hcs, and the saltsalt Hamilto-
nianHss are pairwise sums of hard-ore and (unsreened)
Coulomb potentials. We write Hcc =
∑N
i<j Vcc(Rij) with
βVcc(r) =


∞ r < 2a;
Z2λB
r
r > 2a,
(6)
andHcs = Hc++Hc− with Hc± =
∑N
i=1
∑N±
j=1 Vc±(|Ri−
r
±
j |), where
βVc±(r) =


∞ r < a;
∓ZλB
r
r > a,
(7)
and r
±
j is the position of the jth positive (negative)
miro-ion. The expression for Hss is similar, but without
the hard-ore terms beause of the point like nature of
the ions.
In priniple, the thermodynami properties of this sys-
tem ould be alulated from the Helmholtz free en-
ergy of the system F(N,N−, V, T ), whih is dened by
exp(−βF) = trctr+tr− exp(−βH). The anonial traes
are dened as in Eq. (4). Note that one an ignore the
expliit N+ dependene of F beause of the harge neu-
trality ondition.
Within linearized PoissonBoltzmann theory and ex-
ploiting the GibbsBogolyubov inequality, F was expli-
itly alulated in Refs. [46, 47℄. The phase diagram was
then onstruted from F by imposing the usual ondi-
tions of mehanial and diusive equilibrium, viz.

P (n(1), n
(1)
− ) = P (n
(2), n
(2)
− )
µ(n(1), n
(1)
− ) = µ(n
(2), n
(2)
− )
µ−(n
(1), n
(1)
− ) = µ−(n
(2), n
(2)
− ),
(8)
where n(i) and n
(i)
− denote the olloid density and the an-
ion density in phase i, respetively, and where we intro-
dued the pressure P = −(∂F/∂V ), the olloidal hemi-
al potential µ = (∂F/∂N), and the anion hemial po-
tential µ− = (∂F/∂N−). The system (8) of three equa-
tions for the four unknown densities yielded the phase
4diagram in the n− n−-plane, for given parameters Z, a,
and λB.
These anonial ensemble alulations were, how-
ever, numerially rather demanding, sine many numer-
ially expensive evaluations of P (n, n−), µ(n, n−) and
µ−(n, n−) are needed in the root-nding proedure of
solving the Eqs. (8). For that reason the phase diagram
of only a few ombinations of parameters Z, λB, and a
has been studied in some detail. Moreover, the derivation
of the expliit expressions for F was perhaps not very
transparent, and may have hindered extensions of the
theory to inlude, for instane, nonlinear eets suh as
harge renormalization. And on top of this the (strong)
onnetion with the standard desription of olloidal sus-
pensions in terms of a Donnan equilibrium was not made
in Refs. [46, 47℄.
It turns out, as we will show in this paper, that at
least some of these shortomings and drawbaks of work-
ing in the anonial ensemble an be lifted by treating
the anions and ations grand-anonially. For this we as-
sume the suspension to be in diusive ontat with a di-
lute reservoir of monovalent anions and ations at hem-
ial potential µ± = kBT ln(csΛ
3
±), where 2cs is the total
ion density in the (harge neutral) reservoir, and where
Λ± is the thermal wavelength of the ations (+) and an-
ions (−), respetively. The olloidal partiles annot en-
ter the ion reservoir (e.g. beause of a semi-permeable
membrane in an atual experimental setting), and re-
main treated anonially (xed N and V ) as before.
The thermodynami potential of this ensemble, whih we
will all the Donnan-ensemble from now on, is denoted
F = F − µ+N+ − µ−N−, and is a funtion of the vari-
ables N , V , T , and µ±. It is related to the mirosopi
Hamiltonian by the Donnan partition funtion
exp(−βF ) = trcTr+ Tr− exp(−βH), (9)
where H was dened in Eq. (5) and the grand anonial
traes are dened as
Tr± =
N±∑
i=1
exp(βµ±N±)tr± =
N±∑
i=1
cs
N±
N±!
∫
dr
N±
± . (10)
Here we have used that exp(βµ±)/Λ
3
± = cs (where the
fator 1/Λ3± follows from the lassial momentum in-
tegration), and we denoted the miroion oordinates
by r
N±
± . For onveniene we will drop the expliit T -
dependene from now on, and we replae the dependene
on µ± by the reservoir onentration cs.
Beause of the extensive harater of F we an write
F (N, V, cs) = V f(n, cs). The thermodynami proper-
ties follow now as µ = (∂F/∂N) = (∂f/∂n) and P =
−(∂F/∂V ) = nµ − f , where the derivatives are to be
taken at xed cs and T . This implies that the phase-
oexistene onditions simplify to the two onditions{
P (n(1), cs) = P (n
(2), cs);
µ(n(1), cs) = µ(n
(2), cs),
(11)
for the two unknown olloid densities n(i), at xed cs,
i.e. we have prearranged equal hemial potential of the
ions due to our hoie to work in the Donnan ensem-
ble. This is a onsiderable redution of the numerial
eort ompared to the Eqs. (8). Note that the me-
hanial equilibrium ondition is equivalent to equal os-
moti pressure Π in the two oexisting phases, where
Π(n, cs) = P (n, cs) − P (0, cs) is the suspension's exess
pressure over the reservoir pressure P (0, cs) = 2cskBT
(reall that we treated the reservoir as an ideal gas here).
This simple relation allows for a rather diret ontat
with experimental measurements of the osmoti pressure,
as we will also show below .
Even though our main objetive is to alulate
F (N, V, cs) as dened in Eq. (9), we will rst fous on
an important and onvenient intermediate quantity: the
eetive Hamiltonian H , whih depends on the olloid
onguration {R} and parametrially on the reservoir
salt onentration cs. It is dened as
exp(−βH) = Tr+ Tr− exp(−βH)
= exp(−βHcc)Tr+ Tr− exp(−βHcs − βHss)
≡ exp(−βHcc) exp(−βΩ)
(12)
where, in the last step, we dened the grand partition
funtion exp(−βΩ) of the inhomogeneous system of in-
terating ations and anions (through Hss) in the exter-
nal potential of the olloids (through Hcs). The orre-
sponding grand potential of this system is Ω, whih is
the quantity that we need to alulate in order to nd
the eetive Hamiltonian given from Eq. (12) as
H = Hcc +Ω. (13)
One H is known, we an use standard one-omponent
tehniques to obtain approximate expressions for F , sine
exp(−βF ) = trc exp(−βH) is preisely as if F were the
Helmholtz free energy of a one-omponent system with
Hamiltonian H .
III. THE GRAND POTENTIAL Ω
A. Density funtional
We will not expliitly alulate Ω from the grand parti-
tion funtion of Eq. (12). Instead we exploit the frame-
work of lassial density funtional theory (DFT), whih
treats an inhomogeneous uid in an external eld at the
level of the one-body distribution funtions (the density
proles) [60, 61, 62℄: the equilibrium density proles min-
imize the (variational) grand potential funtional, and
this minimum is the grand potential. Here we denote
the density prole of the ations by ρ+(r), that of the
anions by ρ−(r), and the grand-potential funtional by
Ω[ρ+, ρ−]. For notational onveniene we do not intro-
due a separate notation for the variational and equilib-
rium proles, and neither for the grand-potential fun-
tional and its minimum (equilibrium) value.
5The ations and anions experiene external potentials
U+(r) and U−(r), respetively, due to the Coulomb and
exluded volume interations with a xed onguration
{R} of olloidal partiles. These potentials are expliitly
given by
U±(r) =
N∑
i=1
Vc±(|Ri − r|) (14)
where the olloidion pair potentials Vc±(r) were dened
in Eq. (7). We an now write the grand-potential fun-
tional within a simple mean-eld approximation as
Ω[ρ+, ρ−] = Ωid[ρ+] + Ωid[ρ−] +
e2
2ǫ
∫
drdr′
ρ(r)ρ(r′)
|r− r′|
+
∫
dr
(
ρ+(r)U+(r) + ρ−(r)U−(r)
)
, (15)
where we dened the ion harge density ρ(r) = ρ+(r) −
ρ−(r), and where the ideal-gas grand potential funtional
an be written as
Ωid[ρ±] =
∫
dr ρ±(r)
(
− µ± + kBT
(
ln ρ±(r)Λ
3
± − 1
))
= kBT
∫
dr ρ±(r)
(
ln
ρ±(r)
cs
− 1
)
. (16)
Here we have substituted the identity µ± = kBT ln csΛ
3
±.
The EulerLagrange equations δΩ/δρ±(r) = 0 that
orrespond with Eq. (15), an be ast, for r outside a
olloidal hard ore, into the form ρ±(r) = cs exp[∓φ(r)].
The dimensionless potential φ(r) must then satisfy
the nonlinear multi-entered PoissonBoltzmann equa-
tion [63℄
∇2φ(r) = κ2 sinhφ(r) − ZλB
a2
N∑
i=1
δ(|r −Ri| − a), (17)
where δ(r) is the Dira-delta. Unfortunately, no analyt-
ial solution to Eq. (17) is known for the multi-entered
geometry of interest here. Even solving Eq. (17) numer-
ially is far from trivial, and requires a serious omputa-
tional eort [64, 65, 66, 67, 68, 69℄.
For this reason we will rst make further approxima-
tions to the funtional, and then perform its minimiza-
tion afterwards. The main approximation involves the
expansion, up to quadrati order, of the ideal-gas grand
potential terms about the, as of yet unknown, ion den-
sities ρ¯±, suh that ρ±(r) − ρ¯± are onsidered to be
the small expansion parameters. This expansion yields
Ωid[ρ±] ≈ Ω′id[ρ±] with
βΩ′id[ρ±] = ρ¯±
(
ln
ρ¯±
cs
− 1)V + ln ρ¯±
cs
∫
dr (ρ±(r)− ρ¯±)
+
1
2ρ¯±
∫
dr
(
ρ±(r)− ρ¯±
)2
. (18)
In priniple, this expansion holds for arbitrary ρ¯±, but
later on we will hoose ρ¯± to be equal to the average
ion onentrations in the system, suh that
∫
dr (ρ±(r)−
ρ¯±) = 0, i.e. V ρ¯± = N± is the number of ions in the sus-
pension. As will be shown below, this linearization orre-
sponds to a linearization of Eq. (17) about φ(r) = φ¯ with
φ¯ the Donnan potential. This is in line with Ref. [70℄.
It turns out to be onvenient, and neessary, to rewrite
the external potentials U±(r) for the ions suh that
U±(r) = ±V (r) + W (r), where we dened the eletro-
stati potential (due to the olloids) V (r) =
∑
i v(|r −
Ri|) and the hard-ore potential W (r) =
∑
iw(|r−Ri|),
with
βv(r) =
{
βv0 r < a;
−ZλB/r r > a,
(19a)
and
βw(r) =
{
βw0 r < a;
0 r > a.
(19b)
Although we are atually interested in the hard-ore limit
βv0 → ∞ and βw0 → ∞ here, we introdue the (-
nite) hard-ore parameters v0 and w0 here for later on-
veniene. They are neessary and suient to ensure,
within the linearized theory, a vanishing ion density in
the olloidal hard ores.
Colleting the results we an write the approximate
grand-potential funtional as
Ω[ρ+, ρ−] = Ω
′
id[ρ+] + Ω
′
id[ρ−] +
e2
2ǫ
∫
drdr′
ρ(r)ρ(r′)
|r− r′|
+
∫
dr
{
ρ(r)V (r) +
(
ρ+(r) + ρ−(r)
)
W (r)
}
, (20)
whih is minimized by those (equilibrium) proles that
satisfy the EulerLagrange equations
ln
ρ¯±
cs
+
ρ±(r)− ρ¯±
ρ¯±
± φ(r) + βW (r) = 0. (21)
Here we introdued the (dimensionless) eletrostati po-
tential φ(r), given by
φ(r) = λB
∫
dr′
ρ(r′)
|r− r′| + βV (r). (22)
B. Equilibrium proles and Donnan equilibrium
We leave the hard-ore parameters v0 and w0 undeter-
mined for now, and start the analysis of the Euler
Lagrange equations by integrating Eq. (21) over the vol-
ume. At the same time, we impose that
∫
dr [ρ±(r) −
ρ¯±] = 0, i.e. we hoose ρ¯± suh that it is the atual aver-
age ion density in the suspension. After rearrangement,
we nd that
ρ¯± = cs exp[∓φ¯− ηβw0], (23)
6where φ¯ =
∫
drφ(r)/V is the spatially averaged eletri
potential, i.e. the Donnan potential. Sine global harge
neutrality imposes that ρ¯+ − ρ¯− = Zn, we an onlude
from Eq. (23) that the Donnan potential satises
sinh φ¯ = −Zn
2cs
exp[ηβw0], (24)
whih redues to the usual Donnan expressions in the
point-olloid limit η → 0 [48, 71℄. Combining Eq. (24)
with (23) yields
ρ¯± =
1
2
(√
(Zn)2 + (2cs)2 exp(−2ηβw0)± Zn
)
, (25)
whih expliitly relates the salt onentration in the sus-
pension to the olloid density and the salt reservoir on-
entration, provided the parameter w0 is known.
Using these relations for φ¯ and ρ¯± we onsider a spei
linear ombination of the EulerLagrange equations, and
rewrite Eqs. (21) as
ρ+(r)
ρ¯+
+
ρ−(r)
ρ¯−
− 2 =− 2 (βW (r) − ηβw0) ; (26a)
ρ(r)− ρ¯ =− (ρ¯+ + ρ¯−)(φ(r) − φ¯)
− ρ¯ (βW (r)− ηβw0) ,
(26b)
where we dened the short-hand notation ρ¯ = ρ¯+− ρ¯− =
Zn for the overall ioni harge density. This partiular
linear ombination was hosen, beause (i) the harge
density is the physial quantity of interest here, and
(ii) the eletri potential is deoupled from the harge-
neutral density.
It is straightforward to solve the hard-ore linear
ombination, Eq. (26a). Imposing that ρ+(r)/ρ¯+ +
ρ−(r)/ρ¯− ≡ 0 within the hard-ore of any of the ol-
loids (i.e. wherever W (r) = w0) yields a value for the
hard-ore parameter,
βw0 =
1
1− η , (27)
whereas outside any of the olloidal hard ore positions
we have
ρ+(r)
ρ¯+
+
ρ−(r)
ρ¯−
=
2
1− η . (28)
The solution of the harge linear ombination,
Eq. (26b), is most straightforwardly found by Fourier
transformation. For an arbitrary funtion f(r) we
dene and denote the Fourier transform as fk =∫
dr f(r) exp(ik · r). One easily heks from equa-
tion (26b) that
ρk =(2π)
3
{
ρ¯+ (ρ¯+ + ρ¯−)φ¯+ ρ¯ηβw0
}
δ(k)
− (ρ¯+ + ρ¯−)φk − ρ¯Wk,
(29)
where we have from Eq. (19b) that
Wk =
4πaw0
k2
(
sin(ka)
ka
− cos(ka)
) N∑
j=1
eik·Rj , (30)
and from Eqs. (22) and (19a) that
φk =4πλB
ρk
k2
− 4πa
k2
N∑
j=1
exp(ik ·Rj)
×
{(
βv0 + Z
λB
a
)
cos ka− βv0 sinka
ka
}
.
(31)
Equations (29) and (31) are two linear equations in the
unknowns φk and ρk, whih an be solved straightfor-
wardly. Fixing the remaining hard-ore parameter v0 to
βv0 = −Z κ¯λB
1 + κ¯a
+ βw0
ρ¯+ − ρ¯−
ρ¯+ + ρ¯−
, (32)
we nd that the harge density is given by
ρk =(2π)
3
{
ρ¯
1− η + (ρ¯+ + ρ¯−)φ¯
}
k2
k2 + κ¯2
δ(k)
+
Z
1 + κ¯a
cos ka+ κ¯k sin ka
1 + k2/κ¯2
∑
j
eik·Rj ,
(33)
where the eetive Debye sreening parameter is dened
as
κ¯ ≡
√
4πλB(ρ¯+ + ρ¯−)
=
√
4πλB
4
√
(Zn)2 + (2cs exp[−η/(1− η)])2.
(34)
Here we used Eqs. (24), (25), and (27) in rewriting
the rst into the seond line. Note that the fator
exp[−η/(1 − η)] that appears in Eq. (34) an be au-
rately represented by (1 − η), with a relative deviation
less than 0.01 for η < 0.1 and less than 0.1 for η < 0.35.
The rst term in expression (33) is of the form ∝
k2δ(k) and does not ontribute to the harge density (35).
However, we will see below that this term does in fat
ontribute to the grand potential, as this involves the
Coulomb energy ∝ ∫ dk ρk/k2.
The real spae representation of the harge density
is a multi-entered sum ρ(r) =
∑
i ρ1(|r − Ri|), where
the one-partile density proles (the orbitals) have the
usual DLVO form[9, 10℄:
ρ1(r) =


0 r < a;
Zκ¯2
4π
exp(κ¯a)
1 + κ¯a
exp(−κ¯r)
r
r > a.
(35)
We note that the vanishing of ρ1(r) inside the olloidal
hard ore is a diret onsequene of our partiular hoie
for v0 given by Eq. (32); other hoies for v0 would have
yielded a nite ion harge density inside the hard ore.
Note also that the multi-entered harge density ρ(r) is
not vanishing within the hard ores, sine the exponential
tail of the orbital entered around olloid i penetrates the
hard ore of all the other olloids j 6= i.
By inserting Eq. (27) into (25), expliit expressions for
the average onentrations ρ¯± of ions in the suspension
are obtained as a funtion of the olloid density n, olloid
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Figure 1: Total ion onentration ρ¯+ + ρ¯− (a) and onentration of added salt ρ¯− (b) as a funtion of the olloid paking
fration for dierent reservoir onentrations, using the expressions of Eq. (25) and (27). The olloidal harge and radius are
Z = 50 and a = 21.9nm, respetively, and the solvent is ethanol at room temperature suh that λB = 2.37nm. This mathes
the parameters from the experiments by Ra³a et al [72℄.
harge Z, and the reservoir onentration 2cs  this was
already used to obtain Eq. (34). These expressions re-
due, in the limit of point-like olloids (for whih η = 0)
to the standard expressions for the Donnan eet [48, 49℄.
This eet is illustrated in Fig. 1, where we plot the
total ion onentration ρ¯+ + ρ¯− in (a), and the onen-
tration of added salt 2ρ¯− = ρ¯+ + ρ¯− − Zn in (b), on
the basis of our expressions for ρ¯±. The parameters are
lose to those of the experiments by Ra³a et al. [72, 73℄:
Z = 50, λB = 2.37nm, and a = 21.9nm. The reser-
voir salt onentration equals the η = 0 limit of eah of
the urves, and the rossover from the low-η plateau to
the high-η linear part orresponds to the rossover from
added-salt dominane to ounterion dominane. Note
the expulsion of added salt bak into the reservoir at
high η in (b). An important aspet of these intermedi-
ate results is that the sreening parameter κ¯ inreases
with n essentially ∝
√
Zn in the ounterion-dominated
regime (whih may our at paking frations as low as
η ≃ 10−4 if cs ≃ 3µM).
As we have now solved the EulerLagrange equations
(21) for the two linear ombinations ρ+(r)/ρ¯++ρ−(r)/ρ¯−
and ρ+(r)−ρ−(r), it is straightforward to disentangle the
equilibrium proles and obtain the proles ρ±(r) of the
two ioni speies separately.
It is important to realize, however, that these results
depend on the partiular hoie that we have made for the
hard-ore potentials in Eqs. (19a) and (19b). Dierent
hoies for these hard-ore potentials lead to other, non-
equivalent minima of the grand-potential. For instane,
instead of U±(r) = ±V (r)+W (r), we ould have onsid-
ered the hoie U±(r) = ±V (r) + 2ρ¯∓W (r)/(ρ¯+ + ρ¯−),
whih, with βv0 = −Zκ¯λB/(1+ κ¯a) and βw0 = 1/(1−η)
would lead to a vanishing ρ1(r) and ρ+(r)/ρ¯++ρ−(r)/ρ¯−
inside the hard ores. This hoie was atually made in
Refs. [46, 47℄, and leads to similar, but not idential re-
sults  see Appendix B.
C. The minimum of the funtional
In Appendix A, we derive the equilibrium grand poten-
tial Ω by insertion of our solution of the EulerLagrange
equations into the funtional. The eetive interation
Hamiltonian H = Hcc +Ω then takes the form
H({R}, N, V, cs) =Φ(V, n, cs) +
N∑
i<j
V (Rij ;n, cs). (36)
The rst term Φ, is independent of the olloidal o-
ordinates Ri, and is alled the volume term as it is
a density-dependent, extensive thermodynami quantity
that sales with the volume of the system. The se-
ond term of Eq. (36) is a pairwise sum that does de-
pend on the olloidal oordinates (and on the density n).
For later onveniene we deompose the volume term as
Φ = ΦD +Φ0, with the so-alled Donnan term dened
by
βΦD
V
=
∑
±
ρ¯±
(
ln
ρ¯±
cs
− 1
)
, (37)
and the other term by
βΦ0
V
= −1
2
(Zn)2
ρ¯+ + ρ¯−
+
η
1− η
2ρ¯+ρ¯−
ρ¯+ + ρ¯−
− n
2
Z2κ¯λB
1 + κ¯a
.
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Figure 2: The fator A of Eq. (40) as a funtion of κ¯a and
η. For all parameters, A≪ 1, so it an safely be negleted in
Eq. (39).
In Setion IVB below, we will see that ΦD, whih takes
the form of ideal-gas ontributions, aounts for the Don-
nan equation of state (exept for the olloidal ideal gas
ontribution); hene the nomenlature. The term Φ0 ap-
pears as an eletrostati (and hard-ore) free energy on-
tribution. This separation is slightly misleading, how-
ever, sine the two terms both depend on n and Z
through the expressions (25) and (34), whih stem from
the Donnan potential (24) and hene from the balane
between eletrostatis and entropy.
The eetive pair potential between the olloids,
V (Rij), that appears in the seond term of Eq. (36), is
given by
βV (r) =


∞ r < 2a;
(1 +A)Z2>λB
exp(−κ¯r)
r
r > 2a,
(39)
with the DLVO-harge given by Z> = Z exp(κ¯a)/(1 +
κ¯a), and with the parameter A dened by
A = 4πβw0
n
κ¯3
(
(1 + κ¯a)2e−2κ¯a + (κ¯a)2 − 1) . (40)
The eetive pair interation V (r) is very similar to the
traditional DLVO potential V2(r) of Eq. (1), but with
two important dierenes. The rst dierene involves
the sreening parameter κ¯ in V (r), whih is to be on-
trasted with the reservoir sreening parameter κ in V2(r).
The seond dierene is that the amplitude of V (r) is en-
haned ompared to V2(r) by a fator (1 +A). This an
be traed bak to our partiular hoie of linear om-
binations of density proles that we used to solve the
EulerLagrange equations.
In Figure 2 we plot A as a funtion of the sreening
parameter κ¯a for several values of the paking fration
η. The plot shows that A ≪ 1 for essentially all pak-
ing frations of interest here. Moreover, one an also
show that A ≡ 0 if the hard-potentials are dened as
U(r) = V (r) + 2ρ¯∓W (r)/(ρ¯++ ρ¯−) instead of the deni-
tion used here. This latter hoie does not aet any of
the other volume terms, but does involve another hoie
for v0 and w0, and does hange the expression of φ¯ (see
Appendix B). For these two reasons we set A ≡ 0 in the
remainder of the paper.
The so-alled volume terms ΦD and Φ0 are very sim-
ilar to their anonial ounterparts that were derived in
Ref. [47℄. The main dierene is that the present vol-
ume term inludes the term − ∫ dr (µ+ρ+(r)+µ−ρ−(r))
due to the grand-anonial harater of our alulations.
This leads to another dierene, sine one should now
view the Hamiltonian H as a funtion of n and the reser-
voir salt onentration cs, i.e. one should take the de-
pendene of Φ on ρ¯± and κ¯ as a dependene on cs and n
through Eqs. (34) and (25). It is the nontrivial (and non-
linear) dependene of βΦD/V and βΦ0/V on the olloid
density n, at xed cs, that is responsible for interesting
thermodynami eets, as we will see below.
IV. THERMODYNAMICS
A. Free energy
As we have now found the funtional form (36) for the ef-
fetive Hamiltonian of the olloids, we are ready to alu-
late the orresponding free energy F (N, V, T, cs) dened
just below Eq. (13). From this the other thermodynami
quantities follow. Sine the volume terms in (36) are
independent of the oordinates of the olloids, we an
fator out their Boltzmann weights and write
exp(−βF ) = exp[−βΦ]trc exp

−β N∑
i<j
V (Rij)

 . (41)
This an be rewritten as
F = ΦD +Φ0 + Fid + Fex, (42)
with ΦD and Φ0 dened in Eq. (38), with the olloidal
ideal-gas free energy
F
id
= NkBT
(
ln(nV)− 1), (43)
and where F
ex
is the non-ideal (exess) free energy due
to the olloid-olloid pair interations (39). Here we al-
ulate F
ex
variationally, using the GibbsBogoliubov in-
equality [74, 75, 76, 77℄. This inequality states that the
exess free energy F
(ref)
ex
of a so-alled referene system
of volume V that ontains N partiles with any pair in-
teration V (ref)(Rij), satises
F
ex
≤ F (ref)
ex
+
〈∑
i<j
(
V (Rij)− V (ref)(Rij)
)〉
ref
, (44)
where 〈. . . 〉ref denotes a thermodynami average that is
to be evaluated in the referene system. The key idea is
9to use a referene pair potential with a free parameter
with respet to whih the right hand side of Eq. (44) an
be minimized; the minimum is then the optimal estimate
for the free energy F
ex
of interest. We use two dierent
referene system to alulate the free energy of uid and
rystal phases, respetively.
For the uid phase we use a hard-sphere referene sys-
tem, with the hard-sphere diameter d as variational pa-
rameter. Introduing the eetive hard-sphere paking
fration ξ = (π/6)nd3, we an write
F
ex
NkBT
= min
d
{
4ξ − 3ξ2
(1− ξ)2
+
n
2
4π
∫ ∞
d
dr r2gd(r; ξ)βV (r)
}
,
(45)
where the rst term is CarnahanStarling expression for
the hard-sphere free energy [74, 78℄, and where gd(r; ξ) is
the radial distribution funtion of a uid of hard spheres
with diameter d and paking fration ξ. We approximate
gd(r; ξ) by the VerletWeis orreted PerusYevik ex-
pressions [74, 79℄. This allows for an analyti evaluation
of the integral in Eq. (45), sine the Yukawa form of V (r)
turns this integral into a Laplae transform of rgd(r; ξ),
for whih aurate expressions have been derived on the
basis of Padé ts in Refs. [80, 81℄. The minimization
with respet to d is then numerially performed straight-
forwardly. Note that suh a minimum indeed exists, as
the exess free energy of the hard-sphere referene sys-
tem beomes innitely large in the limit of large partile
sizes. Beause the partiles in our atual system have
also a hard ore of radius a, we impose that d ≥ 2a.
As a referene system for the solid phase, we use
N lassial Einstein osillators [82, 83℄ on an FCC lat-
tie [84℄. The Einstein frequeny ω
E
plays the role of the
variational parameter used to minimize the right hand
side of Eq. (44). For the thermodynami average of the
Yukawa interations in this system, we use the expres-
sions found by Shih et al. [84℄.
So far we have only onsidered FCC ongurations for
the solid phase, but there is no prinipal problem to gen-
eralize this to other strutures suh as BCC [47℄. Con-
sequently, we only onsider gasliquid, uidFCC and
FCCFCC phase equilibriums in this paper.
B. Osmoti pressure
The osmoti pressure Π = P − 2cskT of the suspen-
sion under onsideration follows from P = −∂F/∂V at
xed N and cs. We an therefore use our expression for
F given in Eq. (42) to obtain Π(n, cs) expliitly as
Π = ΠD +Π0 +Πid +Πex (46)
with ΠD = −2cskBT − (∂ΦD/∂V ), the Van 't Ho (ideal-
gas) ontribution Π
id
= −(∂F
id
/∂V ) = nkBT , the ex-
ess pressure Π
ex
= −(∂F
ex
/∂V ), and the remaining
term Π0 = −(∂Φ0/∂V ). Expliit general expressions
for ΠD, Π0, and Πex an of ourse be given on the ba-
sis of Eqs. (38), (37), and e.g. (45), respetively, but it
turns out to be instrutive to fous on these expressions
in the limit of point-olloids with radius a = 0 (suh that
η = 0): this redues the algebra and allows for an in-
teresting illustration of anellations of some of the ele-
trostati ontributions to the osmoti pressure Π. We
stress, however, that we used the full expressions in our
numerial alulations presented below.
In the point-olloid limit we have
βΠD =− 2cs + ρ¯+ + ρ¯−
=− 2cs +
√
(Zn)2 + (2cs)2
=


(Zn)2
4cs
+O(n4) Zn≪ 2cs
Zn− 2cs +O(c2s ) Zn≫ 2cs,
(47)
and a little tedious but straightforward algebra yields
βΠ0 =

−
(Zn)2
4cs
+O(n3) Zn≪ 2cs
−bn3/2 +O(c2s ) Zn≫ 2cs,
(48)
with a oeient b =
√
ZπλBZ
2λB/2. We fous rst on
the low-density/high-salt regime Zn≪ 2cs, and then on
the opposite regime.
The expressions (47) and (48) show a anellation of
the dominant term in the regime Zn≪ 2cs, suh that in
this regime Π ≃ Πid + Πex, i.e. the pressure is atually
the pressure of the eetive one-omponent system de-
sribed by the pairwise sreened-Coulomb Hamiltonian.
Interestingly, however, one an also write the virial ex-
pansion βF
ex
/V = B2(κ¯)n
2 + O(n3) in this regime,
where the seond virial oeient [74℄ is
B2(κ¯) =
1
2
∫
dr
(
1− exp[−βV (r)]), (49)
with the olloidal pair potential V (r) dened in Eq. (39).
In the limit of weak interations, the exponent in Eq. (49)
an be linearized with the result that B2 = Z
2/4cs for
point-olloids. This means that βΠ
ex
≃ (Zn)2/4cs ≃
βΠD, and hene that the pressure an also be approx-
imated by the Donnan expression Π ≃ Πid + ΠD. In
other words, on the basis of this simple analysis one ex-
pets reliable results for the pressure (and hene for the
thermodynamis) in the regime Zn ≪ 2cs by taking ei-
ther the full four-term expression (46) for Π, or the two
two-term expressions Πid + ΠD and Πid + Πex, but not
any other ombination. This will be onrmed by our
numerial results below.
The situation is bit more ompliated in the opposite
low-salt regime 2cs ≪ Zn, sine then (i) no anella-
tions take plae and (ii) the virial expansion for F
ex
breaks down beause of the long-range harater of the
unsreened-Coulomb interations.
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Figure 3: Equation of state ompared to the experiments of
Ra³a et al[72℄, desribed by the parameters Z = 32 for the ol-
loidal harge, a/λB = 96.7 for the radius-to-Bjerrum length
ratio, and 2cs = 16 µM for the reservoir salt onentration.
Shown are the experimental data (rosses), a one-omponent
DLVO system (dotted), the Donnan theory (dashed), and
our full linear theory (solid line). Two of the three theo-
retial urves desribe the experimental urves aurately for
η . 0.003, the Donnan theory is less aurate although still
qualitatively reasonable in this regime.
As a simple approximation for highly harged partiles
(speially, partiles for whih Z2λB/a ≫ 1), the pair
orrelation funtion gd(r) an be set to gd(r) = 1 for
r & 12n
−1/3
and to 0 otherwise. One an then show
that the lowest order ontribution to the exess pressure
takes the form βΠexc = −b′n4/3 with b′ = πZ2λB/12. As
a onsequene we nd the asymptoti low-salt result
βΠ = (1 + Z)n− b′n4/3 − bn3/2, (50)
whih ontains Donnan, olloidal pair, and Debye-
Hükel-like ontributions. The prefators of the fra-
tional powers would hange if a proper Güntelberg harg-
ing proess would have been performed [85℄, but the
present analysis is good enough to apture the spinodal
instability that is now well-known to be realisti for prim-
itive model systems at suiently strong oupling (low
enough temperature) [86, 87, 88, 89, 90, 91, 92℄. On
this basis one ould expet that the present theory pre-
dits phase-separation in low-salt olloidal suspensions.
Within the full theory for F we indeed nd this phe-
nomenon in the next setion.
We now illustrate our results for the osmoti pressure
by numerially omparing the theoretially predited val-
ues to experimental measurements in Figure 3. The ex-
perimental system is an ethanol suspension of olloidal
silia-spheres, for whih Π(n) was determined by inte-
gration of the measured density prole in sedimentation
equilibrium [72, 73℄. The system parameters are Z = 32,
2cs = 16 µM, λB = 2.38 nm and a = 21.9 nm. Sine
ZλB/a ≈ 3 we do not expet too muh harge renormal-
ization, and as Zn/2cs ≈ 0.7 at the highest density on-
sidered here (η = 0.01), this experiment is expeted to be
in the high-salt regime where not only the full expression
(46) for Π but also both the one-omponent expressions
Π ≃ Πid+Πex and the Donnan expression Π ≃ Πid+ΠD
are expeted to work with reasonable auray.
This is to some extent onrmed by Fig. 3, where the
measured osmoti pressure is in quantitative agreement
with two of the three theoretial versions at low pak-
ing frations η . 0.003 or so; the Donnan pressure is
less aurate. At higher densities the dierent theoreti-
al urves deviate from eah other (and from the exper-
iment), with the one-omponent result Πid + Πex be-
ing losest to the atual experiment. A word of au-
tion is appropriate here, however, sine reent work by
Biesheuvel indiates that harge regularization is relevant
in the present system, i.e. the bare olloidal harge Z is
not a onstant but dereases with density, where signi-
ant deviations of the low-density harge is predited for
η & 0.002 [93℄. This is rather preisely the regime where
the theories begin to deviate from the experiment. This
issue will also be addressed in more detail in future work.
From the fat that the one-omponent osmoti pres-
sure Π = Πid + Πex desribes the experimental data
rather aurately, one may onlude that the experimen-
tally found inated proles of Ref. [73℄ need not nees-
sarily be desribed by theories suh as those of Ref. [94℄,
where a three-omponent mixture (ations, anions, and
olloids) in gravity gives rise to an ion-entropy-indued
self-onsistent eletri eld that lifts the olloids to higher
altitudes than expeted on the basis of their mass. The
equation of state suggests that an alternative desription
ould be given, based on hydrostati equilibrium of an
eetive one-omponent system of olloidal spheres with
pairwise sreened-Coulomb repulsions only. The latter
piture is not in ontradition with the existene of the
eletri eld, sine the density variation with height im-
plies a variation of the Donnan potential with height
through Eq. (24). The two pitures are, in this sense,
merely two sides of the same oin, at least on length sales
beyond whih the loal density approximation applies
that underlies the one-omponent theory. On smaller
length sales the soure of this eletri eld involves de-
viations from loal harge neutrality, whih annot be
explained by hydrostati equilibrium and a bulk equa-
tion of state alone.
The other system for whih we alulate the osmoti
pressure is one of the systems that Linse studied by
Monte Carlo simulations in Ref. [95℄. This system is free
of added salt, ontains olloids with a harge Z = 40 and
a radius-to-Bjerrum length parameter of a/λB = 22.5 for
monovalent ions (in the notation of Ref. [95℄ the ou-
pling parameter is ΓII = 0.0445). The simulated re-
sults are shown in Figure 4, together with several ver-
sions of the present theory. It is lear that the major
ontribution to the osmoti ompressibility fator orig-
inates from the pressure Πid + ΠD ≈ (Z + 1)n, whih
exeeds the one-omponent ombination Πid + Πex by
at least an order of magnitude. The derease of βΠ/n
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Figure 4: Equation of state (ompressibility fator) om-
pared to the omputer simulation of Ref. [95℄, where Z = 40
and a/λB = 22.5. Shown are the simulation data from [95℄
(rosses), the pressure Π from our full linear theory (solid
line), the approximate low-salt expression (50) (dotted), and
the pairwise one-omponent result Πid +Πex (dashed). The
theoretial urves are based on the reservoir salt onentration
cs = 10
−15
M, whih is low enough to ensure an essentially
vanishing oion onentration in all state points shown here.
for η . 0.02 is due to the ontribution Π0. Our alu-
lated pressure desribes the simulation data quite well,
showing that volume terms may have a pronouned ef-
fet on the thermodynami properties of low-salt suspen-
sions, while the pairwise DLVO-piture without volume
terms breaks down qualitatively. We note, nally, that
the limiting expression (50) for the pressure in the limit
for point-olloids an be seen to ath the low-density
negative urvature of βΠ/n with n as predited by the
full theory and the simulations, but not the inreased
stability at higher n.
V. PHASE DIAGRAMS
From the free energy per unit volume f(n) = F/V at
xed cs, we alulate the hemial potential and the pres-
sure, and we impose the usual ondition of thermody-
nami equilibrium (11) to nd a phase-equilibrium. We
already mentioned that this is numerially muh less in-
volved than in the anonial alulations of e.g. Ref. [47℄,
where the set (8) is to be solved. We merely illustrate the
feasibility of these alulations here by showing two phase
diagrams, for a partiular Z, a, and λB. In forthom-
ing publiations we will fully exploit the relative simpli-
ity of the grand-anonial formulation of the theory by
sanning the full parameter spae (Z, λB/a), inluding
a generalization of the present theory to inlude harge
renormalization [96℄.
The rst set of parameters that we onsider is Z =
7300, a = 326 nm, and λB = 0.72 nm, whih orresponds
to the experiments of Ref. [25℄. The phase diagram that
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Figure 5: Phase diagram for a olloidal suspension as a fun-
tion of olloidal paking fration η and reservoir salt onen-
tration cs. The olloidal radius and harge are a = 326 nm
and Z = 7300, and the solvent is water at room temperature
suh that the Bjerrum length is λB = 0.72 nm. The solid
lines denote uidsolid and solidsolid binodals, and the dot-
ted line shows the underlying metastable gasliquid binodal.
The uidsolidsolid triple point is denoted by ×, and the
solidsolid ritial point by .
follows from the present theory is displayed in Figure 5,
and shows phase oexistene with a onsiderable or large
density gap at cs . 20 µM, and only a very small den-
sity gap at higher cs. At a salt onentrations of about
23.8 µM, a liquidsolidsolid triple point ours (denoted
by × in Fig. 5), and at 26.2 µM a solidsolid ritial point
is loated (denoted by  in the gure). Although some-
what diult to see in this piture, there is no lower
ritial point.
The phase diagram of Fig. 5 is pretty similar to the one
alulated in Ref. [47℄ using the anonial version of the
theory [47℄, but with a few substantial dierenes. The
anonial theory, for instane, does not nd any solid
solid oexistene, nor does it nd a triple point for these
parameters. Also the anonial theory predits a lower
ritial point, while the urrent grand-anonial version
of the theory does not. Despite this dierenes the main
phenomenon is shared that at low salinity cs . 20 µM a
density gap opens up.
The physial mehanism for this demixing transitions
into a dilute and dense phase is idential to what was
explained in Refs. [47, 97, 98℄: the self energy of the dou-
ble layers as represented by the third term of the volume
term Φ0 in Eq. (38) drives a spinodal instability at low
enough cs, even though the pair interations are purely
repulsive. The underlying physial mehanism is that
the ohesive energy that stabilizes the dense phase stems
from the ompression of the double layers thikness κ¯−1
upon inreasing the olloid density: this eet brings the
harge in the diuse double layer loser to the oppositely
harged olloidal surfae. This mehanism is very sim-
ilar to the one that auses gasliquid demixing in the
12
1
10
100
10-4 10-3 10-2 10-1
ρ¯ -
 
(µM
)
η
experiment
1-comp, Z=1200
full, Z=1200
full, Z=720
Figure 6: Phase diagrams for the parameters of the exper-
iment by Monovoukas and Gast [100℄. The Bjerrum length
for this system is λB = 0.72 nm and the partial radius
is a = 66.7 nm. The data points plotted here orrespond to
the samples for whih a uidsolid oexistene was observed
in Ref. [100℄. The solid line is a phase diagram for a one-
omponent DLVO system, the dashed line denotes the phase
boundaries for our full linear theory for a harge of Z = 1200.
The dotted line gives the phase boundary for the same full
linear theory, but with a lower harge Z = 720.
restritive primitive model aording to DebyeHükel
theory [87, 99℄.
A word of aution is appropriate here: given that
ZλB/a ≃ 16, one expets a substantial renormalization
of the harge within nonlinear PoissonBoltzmann theory
for this system, and hene a redution of the tendeny to
demix. Whether or not this mehanism for phase separa-
tion remains strong enough to yield a big density gap in
the phase diagram if harge renormalization is taken into
aount, will be investigated in a future publiation [59℄.
The seond phase diagram that we present
here is for the parameters of the experiments
of Monovoukas and Gast [100℄, where Z = 1200,
a = 66.7 nm, and λB = 0.72 nm. These parameters
were hosen beause the experiments reveal a signiant
density gap, by a fator of three, between the oexisting
uid and solid phases at salinity of the order of 10 µM.
Suh a large density gap annot be explained by the
DLVO pair potential alone, and hene we investigate
here to what extent the volume terms may aount for
this eet.
The phase diagram, shown in the ηρ¯− representation
in Fig. 6, shows the experimental points and three uid
solid binodals based on the present theory. As the re-
sults of Ref. [100℄ seem to be independent of the onen-
tration of added salt for salt onentration lower than
approximately 8 µM, we assumed an extra bakground
salt onentration of 8 µM for the experimental points.
Note that this representation of the phase diagram, with
the vertial axis representing the onentration of added
salt instead of the reservoir onentration, is suh that
the tie-lines (whih have been omitted for larity) are no
longer horizontal as in the ηcs representation, but in-
stead tilted to lower ρ¯− at higher η due to the Donnan
eet (see also Fig. 1).
The rst binodal in Fig. 6 is the one based on the
ideal and exess part of F only, i.e. we assume that Φ0
and ΦD vanish (or more aurately: the volume terms
are assumed to be merely linear in N and V and do
therefore not aet the phase diagram). Although this
binodal gives a fair representation of the experimental
points (probably this is how Z = 1200 was hosen), they
do not apture the large density gap. The seond binodal
is based on the full expression for F , inluding the vol-
ume terms, with Z = 1200. We nd an enormous density
gap that is muh larger than experimentally observed,
and that extends to unreasonably high salt onentra-
tions. The third binodal is also based on our expression
for F with volume terms, but now for a smaller harge
Z = 720. Interestingly, this hoie gives a density-gap
at uidsolid oexistene in the right salt onentration
regime, but the magnitude of the gap is yet muh big-
ger than experimentally observed. The redution of the
harge from Z = 1200 to Z = 720 may give a rough idea
of the eet of harge renormalization, and shows that
this nonlinear eet redues the tendeny to demix on-
siderably. Theories for harge renormalization [50, 53℄
show that the renormalized harge is atually not a on-
stant but depends on the sreening parameter and the
density; the present value Z = 720 orresponds to the
dilute limit value at κa ≈ 0.8, i.e. at cs ≈ 10 µM, and
is xed here for simpliity. We expet this to be a rea-
sonable lower limit for the renormalized harge in the
region in whih the phase-separation ours. Also this
system will be investigated within a nonlinear version of
PoissonBoltzmann theory in a future publiation [59℄.
VI. CONCLUSION
We have reformulated and re-derived the volume term
theory for suspensions of harged olloids [46, 47℄. Our
present derivation should be more transparent than the
original one, for instane beause we an now avoid the
extra parameter λ that regulates the Coulomb potential
from 1/r to exp(−λr)/r with λ → 0 only at the end of
the alulation. Moreover, the presently derived expres-
sions should be easier to use in numerial alulations of
thermodynami properties and phase diagrams, beause
the ions are treated grand-anonially instead of anon-
ially, thereby assuring equal hemial potential of the
ions from the outset. Moreover, a diret onnetion with
Donnan theory is now made, with expliit expressions
for the Donnan potential and the ion onentration in
the system. In future publiations we will fully exploit
the omputational advantages and extend the theory to
inlude harge renormalization.
We derived analyti expressions for the osmoti pres-
sure in the point-olloid limit for both the low-salinity
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and high-salinity limits. The low-salinity limit of the
pressure was shown to orrespond to the Donnan ex-
pression, while in the limit of high salt onentrations
the traditional DLVO results are reovered. The present
full theory interpolates between these results, and gives
a good aount of measured and simulated osmoti pres-
sures in both regimes.
We also alulated two phase diagrams. The rst one
mathes the parameters of Ref. [47℄, and shows a similarly
large phase-instability at low salinity, although there are
also a few substantial dierenes. The seond phase di-
agram mathes the parameters of the experiments by
Monovoukas and Gast of Ref. [100℄, where an anoma-
lously large density gap at uidsolid oexistene was re-
ported. Interestingly, the present theory does predits a
density gap at uidsolid oexistene, but its magnitude
is muh larger than experimentally observed. We stress,
however, that these phase diagrams are alulated in a
regime where harge renormalization annot be ignored.
The relative transpareny of the present derivation al-
lows to systematially inlude this nonlinear eet into
the theory, as will be shown in a future publiation [59℄.
The linear theory desribed in this paper already
shows, however, that volume terms an aet the os-
moti pressure of low-salt suspensions qualitatively, also
in regimes where harge renormalization and other non-
linear eets are not expeted to be important.
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Appendix A: THE GRAND POTENTIAL
In this Appendix, we derive the equilibrium grand po-
tential Ω. We show that upon insertion of this grand
potential into Eq. (13), the eetive Hamiltonian an be
ast into the form speied by Eqs. (36)(39).
In the framework of Density Funtional Theory, the
equilibrium grand potential is given by the minimum of
the funtional Ω[ρ+, ρ−] of Eq. (20). This minimum is
found by inserting the EulerLagrange equation (21) into
the funtional. This leads to the following expression for
the grand potential:
βΩ
V
=
∑
±
ρ¯±
(
ln
[
ρ¯±
cs
]
− 1
)
+
Zn
2
φ¯
+ηβw0
ρ¯+ + ρ¯−
2
+
1
2V
∫
dr ρ(r)βV (r)
+
1
2V
∫
drβW (r)
(
ρ+(r) + ρ¯−(r)
)
.
(A1)
The eletrostati integral an be evaluated as
1
2V
∫
dr ρ(r)βV (r) =
1
2V
1
(2π)3
∫
dkβVkρ−k
=− 1
2
1
1− η
(ρ¯+ − ρ¯−)2
ρ¯+ + ρ¯−
− Zn
2
φ¯− n
2
Z2κ¯λB
1 + κ¯a
+
1
V
∑
i<j
{
(1 +
A
2
)
(
Zeκ¯a
1 + κ¯a
)2
λBe
−κ¯Rij
Rij
}
− 1
V
∑
i<j
{
−Z2 λB
Rij
}
,
(A2)
where we inserted the Fourier transform ρk of ρ(r)
from (33), and the Fourier transform Vk of V (r), whih
is given by
βVk = −4π
k3
{(
βv0 + Z
λB
a
)
ka cos ka
− βv0 sin ka
}∑
j
eik·Rj .
(A3)
The fator A/2 in the fourth term on the right hand
side of Eq. (A2) is aused by the expulsion of miroioni
harges from the olloid ores, and is given by Eq. (40).
Note that the rst and seond term of Eq. (A2) result
from the ∝ k2δ(k) term in equation (33) that did not
ontribute to the harge density.
In a similar way, the hard-ore part of the grand po-
tential (A1) is evaluated as
1
2V
∫
drβW (r) (ρ+(r) + ρ−(r)) =
=
1
2V
1
(2π)3
ρ¯+ − ρ¯−
ρ¯+ + ρ¯−
∫
dkβWkρ−k
=
1
V
A
2
(
Zeκ¯a
1 + κ¯a
)2∑
i<j
λBe
−κ¯Rij
Rij
,
(A4)
where the Fourier transform ofW (r) is given by Eq. (30)
and where we used thatW (r)[ρ+(r)/ρ¯++ρ−(r)/ρ¯−] ≡ 0.
Substitution of Eqs. (A2) and (A4) into the grand po-
tential (A1) leads to
βΩ =(1 +A)
(
Zeκ¯a
1 + κ¯a
)2∑
i<j
λB
e−κ¯Rij
Rij
− Z2
∑
i<j
λB
Rij
+ βΦ,
(A5)
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where the volume term Φ = ΦD + Φ0 is given by
Eqs. (37) and (38).
Gathering Eqs. (13), (6) and (A5), we nd that the
eetive Hamiltonian an be ast into the form given by
Eqs. (36)(39).
Appendix B: ALTERNATIVE HARD-CORE
TERMS
We have already mentioned that, in this paper, we use
a slightly dierent denition of the hard-ore parameters
βv0 and βw0 than were used by Van Roij and Hansen
in Refs. [46, 47℄. In this Appendix we make this state-
ment expliit and alulate, within the grand-anonial
sheme of this work, the eetive Hamiltonian using the
denition of the hard-ore potentials of Refs. [46, 47℄.
In ontrast to the presently used denition U±(r) =
±V (r) +W (r) for the miro-ionolloid interations, as
outlined just above Eq. (19a), Van Roij and Hansen used
the denition
U±(r) = ±V (r) + 2ρ¯∓
ρ¯+ + ρ¯−
W (r), (B1)
where the potentials V (r) and W (r) are dened in
Eqs. (19a) and (19b). With this denition, the grand
potential beomes
Ω[ρ+, ρ−] = Ω
′
id[ρ+] + Ω
′
id[ρ−] +
∫
dr ρ(r)V (r)
+ kBTλB
∫
drdr′
ρ(r)ρ(r′)
|r− r′| (B2)
+
2ρ¯+ρ¯−
ρ¯+ + ρ¯−
∫
dr
(
ρ+(r)
ρ¯+
+
ρ−(r)
ρ¯−
)
W (r),
where the ideal-gas funtionals βΩid[ρ±] are dened in
Eq. (18).
The orresponding EulerLagrange equations are then
given by
ln
ρ¯±
cs
+
ρ±(r) − ρ¯±
ρ¯±
± φ(r) + 2ρ¯∓βW (r)
ρ¯+ + ρ¯−
= 0. (B3)
By integrating these equations over the system volume,
and using the ondition for global harge neutrality, we
nd that the average densities ρ¯± are idential to those
given in Eq. (25). The Donnan potential φ¯, however, is
not given by Eq. (24) anymore, but by
φ¯ = − sinh−1
[
Zn
2cs
eηβw0
]
+ ηβw0
Zn
ρ¯+ + ρ¯−
(B4)
instead. Although this expression also redues to the
usual Donnan expression in the limit n → 0, it is physi-
ally less satisfatory than the result we found in Eq. (24),
as at high η its sign an beome dierent from that of
the olloidal harge −Ze.
To alulate the density proles, we take the fol-
lowing linear ombination of the EulerLagrange equa-
tions (B3):
ρ+(r)
ρ¯+
+
ρ−(r)
ρ¯−
=2 (1− βW (r) + ηβw0) ; (B5a)
ρ(r)− ρ¯
ρ¯+ + ρ¯−
=− (φ(r) − φ¯). (B5b)
Note that, due to the dierent denition of U±(r), the
hard-ore potential W (r) is now totally deoupled from
the harge density ρ(r).
Eq. (B5a) is idential to Eq. (26a), so its solution is
again 0 inside the hard ores of the olloids, and given
by Eq. (28) outside the hard ores, provided that we x
βw0 = 1/(1− η).
The seond equation (B5b) is not idential to its oun-
terpart Eq. (26b). The solution is quite similar though:
we need to x the hard ore parameter βv0 to
βv0 = −Z κ¯λB
1 + κ¯a
, (B6)
in order to make sure that the harge density ρ(r) is a
multi-entered sum of DLVO proles. The solution (in
k-spae) is then given by
ρk =(2π)
3
{
ρ¯+ (ρ¯+ + ρ¯−)φ¯
} k2
k2 + κ¯2
δ(k)
+
Z
1 + κ¯a
cos ka+ κ¯k sin ka
1 + k2/κ¯2
∑
j
eik·Rj ,
(B7)
whih, in real spae, is indeed a multi-entered sum
ρ(r) =
∑
i ρ1(|r−Ri|) with the individual proles given
by Eq. (35). Note that Eq. (33) and (B7) only dier in
the ∝ k2δ(k) term. As a onsequene, the proles ρ(r)
resulting from those two equations, are idential, but the
minimum of the funtional diers.
Upon insertion of the equilibrium density proles into
the funtional (B2), we immediately notie that the last
term on the right hand side vanishes. The grand potential
then beomes
βΩ
V
=
∑
±
ρ¯±
(
ln
[
ρ¯±
cs
]
− 1
)
+
Zn
2
φ¯
+
η
1− η
2ρ¯+ρ¯−
ρ¯+ + ρ¯−
+
1
2V
∫
dr ρ(r)βV (r).
(B8)
The integral in this expression an now be alulated
using Parseval's theorem and the expression (A3) for the
Fourier transform of V (r). The result is
1
2V
∫
dr ρ(r)βV (r) =
1
V
∑
i<j
{(
Zeκ¯a
1 + κ¯a
)2
λBe
−κ¯Rij
Rij
− Z2 λB
Rij
}
− n
2
Z2κ¯λB
1 + κ¯a
− 1
2
(ρ¯+ − ρ¯−)2
ρ¯+ + ρ¯−
− Zn
2
φ¯,
(B9)
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so that the grand potential eventually beomes
βΩ =
(
Zeκ¯a
1 + κ¯a
)2∑
i<j
λB
e−κ¯Rij
Rij
− Z2
∑
i<j
λB
Rij
+ βΦ.
(B10)
The volume term βΦ is exatly equal to the one that
was found previously in Eqs. (37) and (38); the olloidal
pair interation, however, redues to a purely DLVO in-
teration, i.e. the fator A we found before, is now equal
to 0.
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